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ON THE RIGIDITY THEOREM FOR ELLIPTIC GENERA

ANAND DESSAI AND RAINER JUNG

ABSTRACT. We give a detailed proof of the rigidity theorem for elliptic gen-
era. Using the Lefschetz fixed point formula we carefully analyze the relation
between the characteristic power series defining the elliptic genera and the
equivariant elliptic genera. We show that equivariant elliptic genera converge
to Jacobi functions which are holomorphic. This implies the rigidity of elliptic
genera. Our approach can be easily modified to give a proof of the rigidity
theorem for the elliptic genera of level N.

1. INTRODUCTION

In this article we give a detailed proof of the rigidity theorem for elliptic genera
of Spin-manifolds with a special focus on the function theory involved. Elliptic
genera were introduced by Ochanine in [Oc87] (see also [LaSt88]). Witten gave two
descriptions of elliptic genera as power series of indices of twisted Dirac operators
([Wi86]). He conjectured the rigidity theorem which states that these elliptic genera
are rigid for S'-actions on Spin-manifolds (for a precise statement see Theorem 2.5).
In the semi-free case Ochanine gave a proof of the rigidity theorem in [Oc86]. The
general case was proven by Taubes [Ta89] using a Dirac operator on the normal
bundle to the embedding of the manifold into its loop space and by Bott-Taubes
[BoTa89] using elliptic function theory. Later Liu observed that the rigidity theorem
is equivalent to the holomorphicity of an associated Jacobi function (cf. [Li92] and
[Li95]; for an introduction to Jacobi forms we refer to [EiZa85]). By exploring the
modularity properties of this Jacobi function Liu gave a simplified proof avoiding
the complicated technical transfer argument which was used in [BoTa89]. For the
history of elliptic genera we refer to [La86].

In the proofs of Bott-Taubes and Liu the parts dealing with function theory
and with higher dimensional fixed point components were rather short. So several
people suggested that a detailed proof of the rigidity theorem should be carried
out. More precisely this proof should focus on the following steps

— equivariant elliptic genera as g-power series converge to meromorphic func-

tions,

— these meromorphic functions are holomorphic,

— these functions are Jacobi functions of index 0,
and give details also for the case of higher dimensional fixed point components. The
purpose of this article is to carry out this proof. Most of the material evolved from
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discussions of both authors with Th. Berger. From Liu (cf. [Li92]) we borrowed the
beautiful idea of using Jacobi functions.

We present a framework which is also useful to study other rigidity phenomena,
in particular in the case of genera. For stable almost complex manifolds Hirzebruch
proved the rigidity of level N elliptic genera (cf. [Hi88], see also [HiBeJu92], Ap-
pendix IIT) also conjectured by Witten (cf. [Wi86]). Our approach can be easily
modified to give a more detailed account of this theorem. In [De96] the rigidity
theorems for the elliptic genera and level N elliptic genera have been extended to
various twisted versions for Spin‘-manifolds. In order to present the basic ideas
most clearly we decided to restrict ourselves to the case of the classical elliptic
genera. For the proof of more general rigidity theorems we refer the reader to
[De96].

The outline of the proof is as follows: In the first chapter we study the S'-
equivariant index of a twisted Dirac-operator on a Spin-manifold M. The Lef-
schetz fixed point formula gives a description of the equivariant index in terms of
cohomological data (cf. Theorem 2.8). Now we assume that the twisted operator
comes from an exponential representation V' of the Spin-group (cf. Definition 2.15,
Part 1). So it also defines a genus, i.e. a multiplicative invariant on the bordism
ring. In this case we define a so-called building block associated to the exponential
representation V', which is closely related to the characteristic power series defin-
ing the genus in the Hirzebruch formalism (cf. Definition 2.15, Part 2). Then the
equivariant index can be expressed in terms of the building block and the data of
the S'-action over the fixed point components. More precisely we show that it is
given by evaluating a polynomial 3, in basic differential operators on the building
block (cf. Proposition 2.17, Part 2). The polynomial 9B, only depends on the oper-
ation of S over the fixed point components and not on the twisted Dirac-operator
itself. This result leads to the definition of DSC-rings (cf. Definition 2.18): They
are rings on which such polynomials §3,; act in a graded way. So whenever the
building block is in some DSC-ring, the equivariant index will also be in this ring
(cf. Proposition 2.20). In this way properties of the building block can be carried
over to the equivariant index.

In the second chapter we apply this principle to DSC-rings which are suitable to
study elliptic genera. Using the meromorphicity and modularity properties of the
building blocks associated to elliptic genera, we show that the equivariant elliptic
genera (i.e. the equivariant indices) extend to special Jacobi functions of index 0
(cf. Proposition 3.26, Part 1). From a proposition of Th. Berger it follows that these
Jacobi functions have no poles on S* (cf. Proposition 3.10 and Corollary 3.17). For
the next step it is necessary to use both of the two different parametrizations of ellip-
tic genera (as given by Witten). The two parametrizations are an orbit of the action
of SLy(Z) on Jacobi functions (for a more precise statement see Proposition 3.26,
Part 2). Since both have no poles on S!, we can use the transformation properties
of Jacobi functions to show that the meromorphic Jacobi functions to which the
equivariant elliptic genera extend are actually holomorphic. Since any such function
is constant (in the variable z) this proves the rigidity theorem (cf. Theorem 3.29).

2. COHOMOLOGICAL CONSIDERATIONS

2.1. Elliptic Genera. In this article (unless stated otherwise) all manifolds are as-
sumed to be smooth, closed and oriented. In this section we recall the construction
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of elliptic genera for Spin-manifolds as power series of indices of certain differential
operators (cf. [Wi86]).

Let M be a 2m-dimensional manifold with Spin-structure given by a Spin(2m)-
principal bundle P — M together with an isomorphism P X gpin(2m) R?m = TM
of oriented vector bundles, where T'M denotes the tangent bundle of M. Let
p : Spin(2m) — SO(2m) be the covering map and p* : R(SO(2m)) — R(Spin(2m))
be the induced injection of the complex representation rings. In the following a
complex SO(2m)-representation V' will always be identified with p*(V). To any
complex Spin(2m)-representation V' one can assign the associated complex vector
bundle P X gpin(2m) V over M. This defines a ring homomorphism

R(Spin(2m)) — K(M).

Since M is spin one can construct for E € K(M) a twisted Dirac operator
D(M; E) with a well-defined index denoted by A(M; E). This gives a Z-module
homomorphism

AM; ) : K(M) — Z, E— A(M;E).

For E € K(M) one can also construct a twisted signature operator d(M; E)
with a well-defined index denoted by sign(M; E). Again this gives a Z-module
homomorphism

sign(M; ) : K(M) — Z, E — sign(M; E).

If the vector bundle E is associated to P by a representation V of Spin(2m)
we will also use the notation A(M;V) and sign(M;V) instead of A(M;FE) and
sign(M; E), respectively. For V' = 1 these are the classical genera A(M) = A(M;1)
and sign(M) = sign(M;1).

We denote the complex half-spin representations of Spin(2m) by AT and A~
and the associated vector bundles P X gpin(2m) AT by A%.

Remark 2.1. For a Spin-manifold M the index sign(M; E) is equal to the index of
a twisted Dirac operator:
sign(M; E) = A(M; E® (A5 + Ap)).
Analogously we can consider the homomorphism R(Spin(2m))[[¢]] — K (M)[[q]]
of Z|[[¢]]-algebras and the Z[[¢]]-module homomorphisms

K(M)[lq)] = Z[lq)], Y Eng" Y A(M;E,)q"
n=0 n=0
and

K(M)[lq)] = Zllql], Y _Eng" Y _sign(M; En)q".
n=0 n=0

Now let S* and A’ be the usual symmetric and exterior power representations in
the complex representation ring of SO(2m) and let S; and A; be given by

oS 2m
Sp=> St A=Y At € R(SO(2m))[[t]].
i=0 i=0
Following Witten (cf. [Wi86]) we now define the elliptic genera using two power
series of representations R and RO.
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Definition 2.2. 1. Let

R= Zan (AT +47)® ®S ® ®A « ® C € R(Spin(2m))[[q]]

n=1 n=1
and
R =) "Rig" = (XQ)Spr @ QA _g2e—1 @ C° € R(SO(2m))|[q]],
n=0 n=1 n=1
where

oo (1 — g 2m 00 _ 2n\2m
= 7( a") and CY:= Hi(l a") .
n—1 (1 + qn)Qm n—1 (1 _ q2n—1)2m
2. For any 2m-dimensional Spin-manifold M we define the elliptic genus
@(M) of M at the cusp ioco and the elliptic genus ¢°(M) of M
at the cusp 0 by!

p(M) := A(M; R) = > A(M; Ry)q" € Z[[q]]
and "
(M) := A(M; R®) = > A(M; R))q" € Z[[q]].
n=0
The elliptic genus of M at the cusp 00 may be written as a power series of
indices of twisted signatures (cf. Remark 2.1):

(M —szgnM@S ®®A -C € Z[[q]).

The first terms in these power series are
©(M) = (sign(M) + 2sign(M; A')q
+ sign(M;2A" + S + (AY)2 + A?)¢?) - C mod (¢*)
and
¢*(M) = (A(M) — A(M; A)g + A(M; A + A)g?) - C° mod ().

In Proposition 3.26 we will see that the two expressions ¢(M) and ¢°(M) are two
different descriptions of the same invariant of M.

2.2. Equivariant Elliptic Genera and the Rigidity Theorem. In this sec-
tion we define equivariant elliptic genera for S'-actions and state the rigidity theo-
rem. We assume that M carries a smooth S'-action preserving its Spin-structure,
i.e. P — M is an S'-equivariant Spin(2m)-principal bundle. Observe that any
given Sl-action preserves the Spin-structure after doubling the action using the
double cover St — S1, X — A2

Let E be an S'-equivariant complex vector bundle over M. Then the indices
A(M; E) and sign(M; E) refine to well-defined equivariant indices

Agi(M;E) € R(SY) and signg:(M;E) € R(SY).

1 This differs from the definition of ¢(M) in [HiBeJu92] by a factor of 2™.
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This induces homomorphisms of R(S!)-modules from Kgi1(M) to R(S'), such
that for the corresponding characters we have
Agi(M;E)(1) = AM;E) and signg:(M;E)(1) = sign(M; E).

Here (and in the following) we make no distinction between representations of
S! and their corresponding characters. As in the previous section we extend the
definition and notation to V € R(Spin(2m)) and power series in q. Note that the
Sl-action on the principal bundle P induces an S'-action on any associated vector
bundle.

Remark 2.3. For a Spin-manifold M with S'-action preserving the Spin-structure
the equivariant index signgi (M; E) is equal to the equivariant index Ag:(M; E ®
(A} + Ap)) of a twisted Dirac operator.

Definition 2.4. For any 2m-dimensional Spin-manifold M with Spin-preserving
Sl-action we define the equivariant elliptic genera at the cusps ico and 0 by

ps1(M) := A1 (M;R) = > Agi(M; Ry)g" € R(S")|[q]
n=0

and
0% (M) := Agi (M;R°) = > " Agi (M; R))q" € R(S")[[q]]-
n=0

Note that g1 (M)(1) = p(M) and ¢%, (M)(1) = ¢°(M). By Remark 2.3 the
equivariant elliptic genus pg1 (M) is equal to

o1 (M) = signs: (M: RSy © RAgn) - € € RS-

n=1 n=1
Now we are in the position to state the rigidity theorem.
Theorem 2.5 (Rigidity Theorem [Wi86], [Ta89], [BoTa89], [Li92]). Let M be a
2m-dimensional Spin-manifold with Spin-preserving S*-action. Then the equivari-
ant elliptic genera o1 (M) and ¢%, (M) are both rigid, i.e. they are power series in
q with coefficients which are constant as characters of S*. In other words

ps1(M) = (M) and 5 (M) = ¢°(M).
Remark 2.6. Note that the identity in Theorem 2.5 is an identity of power series
in q, i.e.
Agi(M;R,) = A(M;R,) and Ag (M;R)) = A(M; R))
for all n > 0. So the theorem states that all the equivariant indices /151 (M;R,)

and Agi (M; RY) are in fact constant as characters on S*.

2.3. Cohomological Formulas for Indices. In this section we recall the coho-
mological formulas for elliptic genera in the non-equivariant case.

Let {+z;} be the roots of TM, thus ﬁl(l +a2) = p(M) = Y. pi(M) is the total
i= i—0

Pontrjagin class of M. From the Atiyah-Singer Index Theorem (cf. [AtSilII68]) one
gets an explicit formula for A(M; E) in terms of cohomological data:

) AonE) = om (1 (00— ) enim) 1)

i=1 2
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where ch : K(M) — H*(M;Q) is the usual Chern character ring homomorphism,
[M] is the fundamental cycle of the oriented manifold M and (-, -) is the Kronecker
pairing between homology and cohomology.

Note that if V is a Spin(2m)-representation of rank r with weights? w; (21, ... , zm),
i=1,...,m,
m . .
wWi(21,. .. 2m) = wazj, w] €17,
then
h(P XSpm 2m) Zeuh(rl

We will also use the shorthand notation ch(V) for ch(P X gpin(2m) V).
Since ch is a ring homomorphism its canonical extension

ch : K(M)[[q]] = H*(M;Q)[[q]]

is a Z[[g]]-algebra homomorphism. If V' = Z Vog™ € R(Spin(2m))[[q]] is a power

serles of representations, where V;, has rank r(n) and weights wy, ;(z1,... ,2m) =
an)izj fori =1,...,r(n), then the corresponding Chern character is equal to
oo r(n)
@ - SN ) g
n=0i=1
.t m 1 1
Definition 2.7. 1. Let Fy(p1,... , fm) = .Hl T eQug, ... puh).
1= N2 —p; 2

2. For a power series of representations V' = Z Vg™ € R(Spin(2m))[[¢]] with
n=0
weights wy, ; as in (2) we define its formal Chern character

oo r(n)
w Z1yeeesZm) +3
F27V(M17"'7Mm . Zze iz (] EQ[ 7"'7Mm2][[q]]7
n=0¢=1
where p; =e% for j =1,... ,m.

Using the extension of the Chern character to power series and the previous
definition we can restate formula (1), giving the non-equivariant index of a twisted
Dirac operator, in the following way:

(3) mew44WQﬁﬁ»mw%mmmmaywmu&MHM§-

Now we specialize formula (3) to the case of elliptic genera. Consider the well-
known formulas

m 1
Ch(Sq) = l;‘[ (1 _ qez )(1 _ qe—Ii) ’
ch(Ag) =TI (1+ge™)(1 + ™)

3

2As usual we give weights of Spin(2m)-representations in terms of SO(2m).
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and

3

ch(AF + A7) = IL( T e 7).
Then the Chern characters of the power series of representations R and R° in
R(Spin(2m))[[q]] given in Definition 2.2 are equal to
m = (1+q"e™)(1+q"e ™)1 — q”)2>

WR)=1I ((e7 +e 7)) II
C ( ) i=1 <(€2 +e 2 )nzl(l_qnemi)(l_qne—ri)(1+qn)2

and

m o (1 — 2n—1 _x; 1— 2n—1_—x; 1— 2n\2
ch(RY) = I % (1-q 6_)( e ) —q™)
i=1 \ n=1 (1 _ q2newl)(1 _ q2ne—wq,)(1 _ q2n—1)2

So the formal Chern characters I3 r and F, o of R and RO are equal to

m 1 —1. 0 (14 ¢™u)(1 +qn,ui_1)(1 —q")?
FQ’R(,LLl,... ,,Um) = 1;[ ((‘uzz +:U“z 2) 1;[ n n,, —1 n\2
i=1 n=1(1 — ¢"pui) (1 — q"p; ") (1 +q™)

and

m o (1 = g2n—1 (1 — 2n—1,,—1 1 — ¢2n)2
gﬁwhuwwzn(n< ) ;_ﬂzx%ig>
n=l (1= @) (1= ¢*py ) (1= ¢ 1)

i=1
Applying formula (3) to the elliptic genera we get

m z; 00 mn T n,—; _ n\2
(xi.eb—i—l_H(l—i—qe‘)(l—i—qe )(1 q)>7[M]>
S\ e (- e (1 - e ) (1 )

1y < - (ﬁ TR (1—g?Lemi)(1 — ¢2n—te=oi)(1 —q2n)2) ’[M]>7

i=1 _ e—Ti n=1 (1 — q2newl)(1 _ q2ne—17)(1 — qz’l’b—l)2

where both expressions are in Q[[g]]. In fact from the earlier definition as indices
we know that the expressions are in Z][q]].

2.4. Cohomological Formulas for Equivariant Indices. In this section we give
the cohomological version of the Lefschetz fixed point formula for equivariant indices
(cf. [AtSIIII68]). It describes the global equivariant index in terms of local invariants
associated to the S'-action over the fixed point components of the manifold.

Let M be a 2m-dimensional Spin-manifold with Spin-preserving S'-action. Let
MS" C M be the fixed point manifold of the S'-action on M and let Y be a
connected component of M*° ". Since Y is a trivial S L_space, the tangent bundle
TM of M restricted to Y splits equivariantly as a direct sum of the tangent bun-

dle vy of Y and the normal bundle v of Y in M. The latter splits equivariantly
1
as a finite direct sum v = € v, where the non-trivial Sl-action on v induces a
k=1
complex structure on vy, s.t. A € St acts on v, by multiplication with A™ and all
mlf, are positive integers. These integers will be called rotation numbers of the
Sl-action at Y. We define m{. := 0 which we interpret as the tangential rotation
number of Y. Let the orientation of Y be induced by the orientation of M and the
complex structures on v,. We denote by r(k) the complex rank of v and let r(0)

be equal to half of the dimension of Y. We remark that the integers [ and r(k) for
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k=0,...,l, depend on the chosen component Y. We are now in the position to
state the Lefschetz fixed point theorem.

Theorem 2.8 (Lefschetz fixed point formula [AtSiIII68]). Let M be a 2m-dimen-
sional Spin-manifold with Spin-preserving S'-action and let ) be the set of con-
nected components of MS". Let V € R(Spin(2m))[[q]]. Then
(4) Ag (M;V) =Y a(Y,V),
Yey
where a(Y,V) € Q(A2)[[q]] is given by
r(0)

a(Y,V)(A) = (—1>m<< 1 g ) - By (6200778, mbs | me )
j:

0 ) k. [
. FZV(6,960,1+77%y'z7 o 761k,g+my S 7611,7‘(l)+mY Z)7 [Y]>
for X\ = e*. Here m% are the rotation numbers of Y and x,j are the roots of the
bundle vy,. O

Remark 2.9. 1. Recipe: The formula giving a(Y, V) is obtained from formula

(3) for the non-equivariant index of M by replacing the Euler class _lez:i

(0) -
of M by the Euler class .Hlxod» of Y and replacing the roots x; of TM by
j=

Tk,j + mlff - Z.

2. By definition ASI (M;V) is a power series in ¢ with coefficients which are
characters on S', i.e. Laurent polynomials in A. The given formula describes
the global equivariant index Agi(M;V) in terms of local invariants a(Y, V)
associated to the fixed point components Y of M. We will see in the next
section (cf. Theorem 2.13) that each local invariant a(Y, V') is an element
in Q(A\2)[[¢]], where the coefficients of this power series might have poles
only at zero or at any A with A™ = 1. Identity (4) of the Lefschetz fixed
point theorem is proven for topological generators A of S'. Since the set
of topological generators is dense on S!, identity (4) is g-coefficientwise an
identity of rational functions. Since each coefficient on the left side is actually
a Laurent polynomial in ), the possible poles on S! on the right side must
cancel out by summation over the fixed point components Y.

2.5. The Lefschetz Fixed Point Formula - Revisited. In this section we will
have a closer look at the Lefschetz fixed point formula. We will define a power
series Gy, ar(y) which is closely related to an equivariant analog of the formal Chern
character of V. Then we will rephrase the evaluation of the cohomological expres-
sion on the fundamental class to express the local invariants a(Y, V) as a Q-linear
combination of the coefficients of Gy ar(y). The coefficients of this Q-linear com-
bination only depend on the S!-action over the fixed point component and not on
the chosen power series of representations V.

Let M be a 2m-dimensional Spin-manifold with Spin-preserving S!'-action and
let Y be a connected component of M with rotation numbers m¥ and roots zy, ;,
j=1,...,r(k), of the vector bundle vg, k = 0,...,l, defined in the beginning of
Section 2.4. Finally let C(Y) := {(k,7) |0 < k <1,1<j <r(k)} be the index set
of the roots xy ;.
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For A := Q(A\2)][[q]] we study the following map:?

Alerirpn e | (ki) €CY),k#£0,h=1,...,7(0) = 1]] = A[[zx | (k,5) € C(V)]],

where each ¢ ; is mapped by ¢ to the i-th elementary symmetric function in the
xy,; for k # 0, pp, is mapped to the h-th elementary symmetric function in the x%) >
and e is mapped to the product of the g j, i.e.

tewys) = oi(zr,j), lpn) = Uh(xaj) and (e) = _lezro_’j.

Note that after giving xy ;, ¢k, prn and e degrees 2, 24, 4h and 2r(0), respectively,
the above rings become graded rings and ¢ a graded homomorphism.

Consider the group action W on Af[zy ; | (k,5) € C(Y)]] generated by all per-
mutations of xx1,... 2y for fixed & € {0,...,l} and even numbers of sign
changes on o 1, ... ,Zor0). Note that the image of ¢ lies in the invariants of the
group action W.

Lemma 2.10. 1. The map ¢ is injective.
2. The image of v is equal to the invariants of the group action W.
3. For every a € Allcki,pn,e | (ki) € CY), k#0,h =1,...,7(0) — 1]] the
coefficients of a are given by unique Q-linear combinations of the coefficients

. Nk,j - .
of the monomials xk)jj in 1(a) where ng; > ng j+1. The coefficients

II
(k,5)€C(Y)
of these Q-linear combinations do not depend on a.

Proof. Statements (1) and (2) follow easily from standard facts about symmetric
functions after splitting domain and range of ¢ into appropriate tensor products.
For (3) we may assume that a is homogeneous of some degree d. Note that since
¢ is injective the image of ¢ is again a free A-module with basis in degree d given
by the image of monomials in ¢ ;, py and e of degree d. Two monomials in the
xk,; are called equivalent iff they are in the same orbit with respect to the action
of W. For any monomial y let § denote the sum of all monomials which are

equivalent to y. Then the equivalence classes 1I %9 for my ;> ny 11 and
q Y q (k,§)EC(Y) k. J = Tk,j+1

>~ 2ng; = d define another basis. Since the matrix for the basis change has
(k.1)EC(Y)
rational entries statement (3) follows. O

Recall the formulas for F; and F5 v from Definition 2.7.

Definition 2.11. For any m-tuple A of integer numbers m; and any power series
of representations V' we define

GinNAZ1, oo, Ty) = Fr (AT e, L AT me® )
Gav (AT, . . &y) = Fyy (AN™e™, ... A me® ).

3The structure group of the bundle TM|y restricts to the product G of U(r(k)) for k # 0 and
SO(2r(0)). The inclusion of the maximal torus in G induces a map between classifying spaces
which is given in cohomology with coefficients in A by ¢.
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For the m-tuple N = N (Y) of rotation numbers my, ; := mk., (k,j) € C(Y), of the
fixed point component Y we define

GV,N(Y) (A7 Zo,1y--- s Thyjse-- 7xl,r(l))
(0)
= (jl;ll%,j) G A T0 s Ty Tr))
! GZ,V7N(Y)()\7 Lo,1y -+ s LThyjy- -+ al‘l,’r(l))'

From Definition 2.7 it is immediate that

1 1
Fl()\ml,ulv"' 7)‘mm,um) € Q()‘%hufa e 7,“7%1)7

Foy ™ pias oo, ™ 1) € QINER, 1772 i [[g])
and
Gin\T1,... o) € mH:O:E% @[ﬁ | m; # 0][)\i%][[x1, ey Zml],
Govn(N a1, ... xm) € QAR [[z1, ..., 2m]][[d]]-

Lemma 2.12. The expression Gy a(y) s in the image of ¢.

Proof. Tt follows directly from the definitions that G'y, xr(y is an element in A[[zy, ; |
(k,7) € C(Y)]] where A was defined as A = Q(A?)[[¢]]. By Lemma 2.10 the image
of ¢ is equal to the invariants of the action W on Al[zy; | (k,7) € C(Y)]]. This
action W is given by arbitrary permutations of the zj ; for fixed k, and by even
numbers of sign changes on the g ;. Since Fi is symmetric in all its arguments

and an odd function in x; and the rotation numbers my ; do not depend on j for
7(0)

fixed k, G1 ar(y) is invariant under W. Obviously _lezro,j is symmetric in zg ; and
j:

an odd function, so again it is invariant under W. Since V is a power series of
representations of Spin(2m), the formal Chern character F v is symmetric in all
its arguments and invariant under an even number of sign changes on the x;. By
definition

Gov Ny )N Zot, . s Thgy o T1r@))
= Fyy(e®r, ..., eorO AT el ,)\m}f e
ATV L eTLO ATy el
Hence, G5 v ar(y) is invariant under W. Therefore Gy a/(y) is in the image of .. [

Next we consider the map:*
Allerispnre| (ki) € C(Y), k#0, h=1,...,r(0) = 1]] = H*(Y;.A),

where ¢ is the graded ring homomorphism defined by mapping cy; to the i-th
Chern class of the complex bundle v, mapping p, to the h-th Pontrjagin class of
the tangent bundle of Y and e to the Euler class of Y.

We are now in the position to rephrase the Lefschetz fixed point formula (cf. The-
orem 2.8) in terms of ¢, ¢ and Gy ar(y)-

4This is the map in cohomology with coefficients in A induced by the classifying map between
Y and BG (see the previous footnote).
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Theorem 2.13 (Lefschetz fixed point formula - Revisited). Let M be a 2m-
dimensional Spin-manifold with Spin-preserving S'-action and let Y be the set
of connected components of MS". Let V € R(Spin(2m))[q]]. Then

Agi(M;V) = > a(Y,V),
Yey
where
CL(K V) = (—1)m<t o L_l(Gv)N(y) ()\, TO1yeew > Thyjye-- ,J?[}T([))), [Y]> c A.
O

In the next proposition we establish the main result of this section: We describe
the local invariants as linear combinations of coefficients of G'y ar(y). Recall that
Gvn(yy isin A[[zk,; | (k,j) € C(Y)]]. If we assign to z ; degree 2 the homoge-
neous part of Gy, vy of degree 2r(0) = dim(Y") is an A-linear combination of the

monomials I % of degree 2r(0).
(k)eC(y) ™7 & ©
Proposition 2.14. Consider the coefficients of the monomials II a:Zkfj of
(kj)ecyy ™7

degree 2r(0) in Gyn(yy satisfying ng; > npjr1. The local invariants a(Y,V')
are unique Q-linear combinations of these coefficients. The rational coefficients of
these linear combinations only depend on the fized point data C(Y') and the mized
characteristic numbers of Y and the bundles vy; in particular they do not depend
on the chosen power series of representations V.

Proof. We use the formula for a(Y, V) given in the Lefschetz fixed point theorem
2.13. Applying (t(-), [Y]) to ¢ ™! (Gv,ar(y)) amounts to extracting the degree 2r(0)-
part and substituting the corresponding mixed characteristic numbers of Y and the
bundles v, for the monomials in ¢y ;, pn, and e. The result is an integer linear
combination of the coefficients of ™! (Gy nr(y)) with respect to the monomials in
Ck,i, Ph, and e. By Lemma 2.10 these coeflicients are unique Q-linear combinations

of the coefficients of the monomials II 2™ in Gy a(y) of the same degree
(kj)ec(y) 7 ’
(with ng j > ng j41), which do not depend on Gy, ar(y)- O

2.6. Exponential Representations and Differential Operators. In this sec-
tion we will simplify the main result of the previous section in the case of expo-
nential representations. For any exponential representation V we will define the
building block fy. The equivariant index of the twisted Dirac operator will then
be expressed as the result of applying a certain operator polynomial to fy. The
operator polynomial only depends on the S'-action over the fixed point compo-
nents and not on the chosen exponential representation V. This result leads to the
definition of DSC-rings. We will see that if the building block associated to the
exponential representation lies in some DSC-ring, then the equivariant index lies in
the same ring. We will make use of this statement as a tool to derive properties of
the equivariant index from properties of the building block in Chapter 3.

Definition 2.15. 1. A power series of representations V' € R(Spin(2m))[[q]]
is called an exponential representation iff its formal Chern character

Fy e @[uf? - um?]llg]] is of the form Fy = iE1f27V(M)’ where foy €
Qlu*7][[g]]-
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2. For an exponential representation V with Fyy = .EleV(Ni) we define the
building block
1
folp) = 11— fav(p) € —— - Qu™2][qll.

T T T 1
B2—p 2 pZ—p 2

As an example the power series of representations R and R? defining elliptic
genera are exponential with the building blocks

(a2 (gt - ™)’
G I = e L T e e A e
and
© o) = — b F A0 (- g2

(pz —p3)n=t (1=g>p)(1 =g p=1)(1— g 1)

Note that = - fr(e®) (resp. = - fro(e*)) is the characteristic power series of the
elliptic genus ¢ (resp. ¢°) in the Hirzebruch formalism.

For an exponential representation V' the expression Gy ar(y) simplifies in the
following way:

(0) 1 r(k)

k .
(M Gy Ao, @hgs o) = Moy L fr (AT et).

Definition 2.16. For r # 0 and i > 0 let 9;(r) : Q(A2)[[¢]] — Q(X2)[[¢]] be the
operator defined by

Oi(r)(f) = i -17“' . 88; (f(A")), where A =¢€.
For f € Q(A2)[[q]] such that zf(e”) € Q[[z]][[¢]] we define
1 8i+1 . .
2(0)(f) == s W(xf(e ))(0) for i > —1.

We give the operator 9;(r) degree i for any r.
In the next proposition we describe the equivariant index Agi(M;V) as the
result of applying a polynomial in the 9;(r) to the building block.

Proposition 2.17. Let M be a 2m-dimensional Spin-manifold with Spin-preserv-
ing S'-action and let Y be a connected component of MS".

1. There exists a polynomial of degree zero in the operators O;(r) with rational
coefficients such that for any exponential representation V € R(Spin(2m))
[[q]] the local invariants a(Y,V') defined in the Lefschetz fized point theo-
rem 2.13 are the result of applying this operator polynomial to the building
block fv. More precisely this operator polynomial is a rational linear combi-

ti th jal I 9, (mk ith ng i > Mg d havi
nation of the monomials (h5)EC) k. (my) with Nk.j = Nk, j+1 anN aving

degree 0. FEspecially all monomials have length m.

2. There exists a polynomial P of degree zero in the operators 0;(r) with
rational coefficients such that for any exponential representation V &€
R(Spin(2m))[[q]] the equivariant index Agi (M;V) is the result of applying
this operator polynomial to the building block fv, i.e. Ag (M; V) =Bu(fv).
All monomials in this polynomial have length m.
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Proof. Recall that for any exponential representation V' we introduced in Defini-

tion 2.15 the building block fy (1) € . ! - - Q[u*2][[¢]]. Note that fy(\"e®) €
Q(A2)[[z])[[¢]] for  # 0 and fv()\r *) € 1Q[2]][[¢g]] for r = 0. Let av,(r) €
Q(A2)[[q]] be the coefficient of 2% in fi (A"e*). So for r # 0

wvar) = - L (fe e 0)

= () € QD]
where A = e#, and
0! ot 0
0 = oy g @ (e)0) € Ol

From the definition of 9;(r) it is obvious that ay;(r) = 9;(r)(fv). So Part 1 of
the proposition follows directly from Proposition 2.14 and formula (7). For Part 2

recall that Agi (M;V) = 3 a(Y,V). O
Yey

We will now study this result from a more abstract point of view. For this we
define the following operators on the ring 7 := C[2][[2]][[q]):

0;: T =T, 0i(f) :== ;Zl(f) forieN,

T =T, 4,.(f)(2) = f(rz) forreZ\{0}.

Let us call f € T almost regular if f € Ty := LC[[2]][[¢]]. We define operators 0?
on 7y by

i+1
9T~ Ty, () = iz O0) Tori€Z, i> -1

Definition 2.18. A Z-graded Q-algebra S*, which is an ungraded subalgebra of
T, is called a DSC-ring of series of type s, s € Z, iff
1. the operation of 9; and ¢, for i € N and r € Z \ {0} restrict to S*,
2. the operation of 99 for i € Z and i > —1 restricts to the almost regular
elements S5 := S* N 7y,
3. the operations 9;, ¢,, and 92 have degrees s-i, 0 and s-i, respectively (i.e. they
shift degrees by s-14, 0 and s - ).

These rings are called DSC-rings since they are closed under differentiation and
scalar multiplication by integers. We will be interested in the case of DSC-rings of
series of type 0 or 1. Observe that any ungraded ring S can be viewed as a graded
ring S* defined by S* := S° := S. Examples for DSC-rings of series of type 0 which
come from ungraded rings in this way are the ring 7 itself and the ring Q(A\2)[[¢]] via
the inclusion to 7 given by A% > e3. Note that for any exponential representation
V the building block fi/(A) is an almost regular element in the DSC-ring of series
Q(A2)[[g]]. The next lemma is trivial.

Lemma 2.19. The action of 0;(r) =
respectively of 9;(0) :=

4 Qi 0w fori € Nandr e Z\ {0},
Z+1)‘ 0% fori € Z,i> —1, is defined on any DSC-ring of

series, respectively its almost regular elements. On the ring Q(A2)[[q]] it coincides
with the action introduced in Definition 2.16. O
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The last result of this chapter will become important in the next chapter.

Proposition 2.20. Let M be a 2m-dimensional Spin-manifold with Spin-preserv-
ing St-action. Let V be an exponential representation of Spin(2m), let S* be a
DSC-ring of series of type s and assume fy(e?) € S for some k. Then the equi-
variant index Agi(M;V)(N\) is in S™ for X = e*. More precisely, there exists a
polynomial Py in the operators d;(r) such that ASI(M; V) =PBu(fv). The poly-
nomial is independent of the chosen exponential representation V' and the chosen
DSC-ring S*.

Proof. By Proposition 2.17, Part 2, the equivariant index Ag: (M; V) is the result of
applying a polynomial 3 of degree zero in the operators 9;(r) to the building block
fv, which is always almost regular. Furthermore each monomial in this polynomial
has length m. Since by Lemma 2.19 the operators 9;(r) act on S* (9;(r) acts on
Sg for r = 0), and shift degree by s - i, the result follows. O

3. FUNCTION-THEORETICAL CONSIDERATIONS

3.1. DSC-Rings of Functions. In this section we will prepare the setting which
will be used to study elliptic genera as meromorphic functions. We will define a
DSC-ring of series and a DSC-ring of meromorphic functions especially adapted to
elliptic genera. These two rings will be related by a convergence map .

Let B C C be the open unit disk around 0 and let C* be the connected double
cover of C*. We denote by A, resp. /\%, the coordinate functions on C*, resp. C*,
and define a family of open sets by By = {(q,\) € B x C* | |¢|¥ < |\ < |¢|" ¥}
for N € N.

Definition 3.1. Let R € C(A2)[[¢]] be the set of all elements f(A) = 3 fn(M)g",
n=0
fu(A) € C(A2), for which there ex1sts a(X) € C[A] \ {0}, such that a(\)f, () is

holomorphic on C* for all n and E a(N) fn(N)g™ converges normally on By for
some N € N.

It is an easy exercise to show that R is a Q-algebra. We make R into a graded
Q-algebra via R* := R? := R. The Q-algebra R can be embedded as a subalgebra
of T = C[][[]][[g]] via Az — e3.

Lemma 3.2. The ring R* is a DSC-ring of series of type 0.
Proof. The condition that the action of ¢, restricts to R is obviously fulfilled.
For the action of 9; note that if Za(x\) fn(N)g™ converges normally, then also

> a*(A\)Z fn(N)g" converges normally. To show that 99 f = Z 86;;11 (zfn(e*))(0)g™

n=0

converges normally for every almost regular f on some BN we remark that if
a(A) = (A — 1)*b(\) with b(\) € C[)\] and b(1) # 0, then 38;;1 (zfn(e%))(0) is a
C-linear combination of 68/\]]( N fu(A)(1) for j € {0,... Kk —I—i} From the normal
convergence of Z a(A) frn(A\)g™ on some By it follows that Z a)\J( a(A) frn(X)g™

also converges normally on By for all j. Since B x {1} C By for all N we get that
d? f converges normally on By, so Y f € R. O
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A function on an open subset of C" is meromorphic iff it is locally the quotient
5 of holomorphic functions f and g, where g # 0. A function on a subset V of C" is
meromorphic iff it extends to a meromorphic function on some open neighborhood
of V. Let M(V') denote the ring of meromorphic functions on V.

For any subset V = Vi x V5, V; € C!, Vo € C with -V, C Vs, for all r € Z, we
define operators 9; and ¢, on M(V') by

0i - M(V) = M(V), 0i(f)(&, 2) = 88; ()& z) forieN,

tr s M(V) = M(V), . (f)(&,2) = f(&r-2z) forreZ\{0}.

Let us call f € M(V) almost regular if f is an element in
M(V)g:={ge€ M(V) | z-g is holomorphic on V; x {0} C V}.
We define operators 99 on M(V)q by

61’—1—1

97+ M(V)o — M(V)o, 0)(f)(,2) = 512 )& 2) (= =0),

fori € Z,i > —1. In particular, the operators d; and ¢, (resp. 97) act on M(B xiR)
(resp. M(B x iR)g). The ring M(B x S') may be embedded into M(B x iR) via
iR — S, 2 +— e* = ), and the action of d; and ¢, restricts to M(B x S'). The
action on M(B x S') will also be denoted by 9;, and ¢, (here we abuse notation;
the operators are distinguished by the variables z and \). It is given by

di: M(B x S*) — M(B x SY), 9;(f)(q,\) := gzl

(f)(g,A) forieN,
where \ = €7,

Lt M(B x SY) = M(B x 8", 1,(f)(q,\) := f(g,\") forr e Z\ {0}.
Let us call f € M(B x S!) almost regular if f is an element in

M(B x St)g:={g € M(B x S") |
(A —1) - g is holomorphic on B x {1} C B x C*},
so f is almost regular iff its image in M(B x iR) is almost regular. Again, the
action of & on M(B x iR)g restricts to M(B x S') and is given by
8i+1

87 M(B x S1)g — M(B x S1)o, 97 (f)(g,\) = 51z e =0),
for i € Z, i > —1, where \ = e”.
Definition 3.3. A Z-graded Q-algebra S*, which is an ungraded subalgebra of
M(B x S1), is called a DSC-ring of functions of type s, s € Z, iff

1. the operation of 9; and ¢, for i € N and r € Z \ {0} restrict to S*,

2. the operation of 9Y for i € Z and i > —1 restricts to the almost regular
elements Sg := S* N M(B x S1)o,

3. the operations 0;, ¢,-, and 8 have degrees s-i, 0 and s-4, respectively (i.e. they
shift degrees by s -4, 0 and s - ).

The ring M (B x S1) itself is a DSC-ring of functions of type 0, which is concen-
trated in degree 0. The next lemma is trivial.
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Lemma 3.4. The action of 9;(r) = # - d; 0, for i € N and r € Z\ {0},
respectively of 9;(0) := ﬁ -0Y fori € Z,i > —1, is defined on any DSC-ring
of functions, respectively its almost regular elements. If the ring is of type s, they
shift degree by i - s. O

Definition 3.5. A homomorphism of DSC-rings (of series or functions) = :
S — ST is a Q-algebra homomorphism which maps almost regular elements to
almost regular elements and commutes with the action of d;, ¢, and 9Y. The
homomorphism does not have to be graded.

From the definition of a homomorphism the following property is obvious. Recall
the definition of PBs as a polynomial in the operators 9;(r) from Proposition 2.17,
Part 2.

Lemma 3.6. Any homomorphism v : S§ — ST of DSC-rings commutes with the
action of the operators 0;(r) for i > 0, r € Z. Especially, if f € (S§)o (i.e. f
is almost regular), then Yy(Pa(f)) = P (v(f)). Furthermore for f of degree k,
Barr(f) has degree mk. O
Definition 3.7. We define the limit map x : R — M(B x S!) in the following

way: If f = iojofn()\)q" € R and a(A) € C[A] \ {0} s.t. a(A)frn(N) is holomorphic

v

on C* and Y a(A)fn(A)g™ converges normally to a function f(),q) on some By,

n=0

then let x(f) := g

Lemma 3.8. The limit map  is a well-defined injective homomorphism of Q-
algebras.

Proof. By an easy argument the map s does not depend on the chosen function a(\).
So k is well-defined and it is obviously also a homomorphism of Q-algebras. For

the injectivity of k note that if k(f) =0, then > a(\)fn(N\)g™ converges normally
n=0

to the O-function. By taking derivatives with respect to g all a()\)f,(A\) vanish
identically, so all f,, vanish. O

Lemma 3.9. Let f € R, let a(\) € C[A]\ {0} and let f be a holomorphic function

s.t. k(f) = fé(k;\;z) on some By. Let Z(a) = {\ € C* | a(\) = 0} be the finite set

of zeroes of a on C*. Then S fo(A)g™ converges normally on By \ (B x Z(a)) to
n=0

k(f). So k(f) is a meromorphic extension of the holomorphic function 3 fn(\)g"
n=0
from By \ (B x Z(a)) to By.

Proof. The lemma is a direct consequence of the definition of normal convergence,

since the norm of a(\) for A in any compact subset of C*\ Z(a) is greater than
0. O

3.2. Holomorphicity on S!. In this section we will show that the elliptic gen-
era g1 (M) and %, (M) converge to holomorphic functions on a neighborhood of
B x S in B x C*. To show holomorphicity we will relate these functions to the
functions coming from the building blocks by showing that the convergence map
is a homomorphism of DSC-rings.
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Proposition 3.10. Let U be a domain in C x C. Consider a series b= > b, of

n=0
holomorphic functions b, on U such that b converges normally on U' = {(q,\) €
U | X# Ao} for some A\g € C. Then b converges normally on all of U.

Proof. To prove normal convergence it suffices to show that any point in U lies in
the interior of a compact subset of U, on which the series converges absolutely in the
maximum norm. Since b converges normally on U’, we only have to check normal
convergence on some compact neighborhood of any point of the form (go, Ao) € U.
We take as a compact neighborhood the product K = D, x Dy of two small closed
disks around gg and A\g in U. Since K is compact any function b, takes its maximum
on K in some point (¢’, \'). Since b,, is holomorphic, it is also holomorphic in A for
fixed ¢. So by the maximum principle we can assume that A’ lies on the boundary
of the disk D, i.e.

|bnlrc = |bn|D,x0D, -

o0

Since Dy x OD) is a compact subset of U’, the normal convergence of b= > b,, on
n=0

U now follows from the normal convergence of the series on U’. O

From this proposition we get the following corollary about the DSC-ring R of
series.

Corollary 3.11. Let f = > f,(A\)¢™ € R and let b € C[A] \ {0} such that
n=0

b(A) fn(N) is holomorphic on C*. Then . b(\)fnu(A)q™ converges normally on By
n=0

for some N > 0.

Proof. Since f € R, there is a polynomial a € C[A] \ {0} such that a()\)f,(}) is

holomorphic on C* and 3 a()) f,(A\)g" converges normally on By for some N > 0.
n=0

By Lemma 3.9 we know that > f,(A\)¢™ converges normally on By \ (B x Z(a)),

n=0

where Z(a) = {\ € C* | a(\) = 0} is the finite set of zeroes of a on C*. Thus also
ST b(A) fr(A)g™ converges normally on By \ (B x Z(a)). But since all summands
n=0

are by assumption actually holomorphic, by Proposition 3.10 this sum converges
normally on all of By. O

Lemma 3.12. The limit map k : R — M(B x S') is a homomorphism of DSC-
rings.

Proof. We already know from Lemma 3.8 that « is a homomorphism of QQ-algebras.

The fact that x commutes with the action of ¢, is immediate. Now if > a(A) f(A)¢"

n=0
~ ~ e’}
converges to some function f, so k(f) = 5, and Y a2(/\)6‘9—/\fn()\)q" converges to
n=0

‘on B o _ 3 ; i _ of
some function g, so k(Zxf) = %, one can easily check that % = Zx=. So &

commutes with % and by the chain rule also with 0y = % for A = e*. By induction
k commutes with 9; for all i > 0. Now we want to show that x maps almost regular
elements to almost regular elements. If f € Ry is any almost regular element, then
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it follows from Corollary 3.11 that one can choose the element a € C[A], s.t. A —1

divides a only once. Hence s(f) = £ is obviously almost regular. Finally we have to

show that k commutes with 8? for alli > —1. In the proof of Lemma‘3.2 we used the

fact that if a(\) = (A—1)b(A) with b(A) € C[A] and b(1) # 0, then L (2 f,(e*))(0)

is a C-linear combination of %(a(A)fn(A))(l) for j € {0,...,i+1}. Since the same
8_7

formula holds for the function x(f) instead of f, and x commutes with all Z57 it

follows that x also commutes with 8? for all 7 > —1. (|

Definition 3.13. Let V' € R(Spin(2m))[[g]] be an exponential representation such
that the building block fi () is an element in R. We define a function ¢y in
M(B x S') by

Yy = k(fv).

Let furthermore M be a 2m-dimensional Spin-manifold with Spin-preserving S!-
action. We define a function 57y in M(B x S') by

1/)M,V = KJ(ASI (M; V))

By Proposition 2.20 the function ¢y v is well-defined, i.e. the series Agi (M;V)
actually lies in R. The next proposition shows that the equivariant index Agi (M;V)
converges to a function that is actually holomorphic on B x S'. It also relates this
function to the function coming from the building block of V.

Proposition 3.14. Let M be a 2m-dimensional Spin-manifold with Spin-preserv-
ing S'-action and let V € R(Spin(2m))[[q]] be an exponential representation such
that the building block fy (X\) is an element in R. Let Ps be the operator polynomial
defined in Proposition 2.17, Part 2.
1. The functions Yy = r(fy) and Yary = k(Agi(M;V)) are related in the
following way:

Yav = Pu(Pv).
2. The function sy is holomorphic in some neighborhood By of B x S C
B x C*.

Proof. For the first statement we recall from Definition 3.13 that v
= k(Ag1(M;V)) and from Proposition 2.20 that Ag: (M;V) = Bas(fy). Since
% is a homomorphism of DSC-rings it commutes with the operator polynomial 3,
(cf. Lemma 3.6) and we get

Uy = k(A1 (M; V) = (B (fv) = B (k(fr) = B (Yv).

The second statement follows immediately from Corollary 3.11: Since we have
Unv = k(Agi(M;V)) and Agi (M;V) as a series of characters of S actually lies
in Q[\, A~Y[[¢]] (i-e. all coefficients are Laurent polynomials), one can choose b = 1
in Corollary 3.11, so k(Ag: (M;V)) is holomorphic on some By. O

Now we want to apply this result to elliptic genera. The next lemma will be
used to show that the building blocks defining elliptic genera are in R.

Lemma 3.15. Let g(\) be a holomorphic function on an open subset U of CT.
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o0
1. The series Y. fnq" =1+ 9q+9q*> + (¢*> +9) - ¢ + ... defined as a q-power

n=0
o0
series by the infinite product Hl(l + gq™) converges normally on B x U.
n—=
2. Let V be an open subset of B x U on which |g(\) - q| < 1. Then the series

S faq" = 14+9q+(0%+9) P+ (g3 +9%+9) 3+ (g* +92+29%+9)-¢* +. . . defined
n=0

oo
as a q-power series by the infinite product Hlm converges normally on
n= £

V.

Proof. We will use the following elementary fact (cf. [Ah66], p. 191): Let {up }nen
be a sequence of complex numbers. Then the product 12 ;(1 + w,) converges
absolutely iff > | u,, does.

Ad 1: Let K C B x U be a compact set. Without loss of generality we may
assume that K has the form K = K x K5, where K1 C B and Ky C U. Choose

(g0, Ao) € K for which |g(Mo) - qo| is equal to |g(A) - ¢|k. Let Zoanq” be the ¢-
n=
power series defined by the infinite product :H:l(l + |g(Xo)]¢™). By the quotient
criterion the series §1|g()\0) - g4 converges to a finite value. Now the above given
n=
fact implies that ioan|qo|” also converges to a finite value. Applying the triangle
n=

inequality gives

Zlfn(/\) q"|x < Zan|qo|” < 0.
n=0

n=0

Ad 2: Let K C V be a compact set. Without loss of generality we may assume
that K has the form K = K; X Ky, where K1 C B and Ko C U. Choose (qo, \o) € K
for which |g(Ao) - qo| is equal to |g(\) - ¢|k. By assumption |g(X\o) - qo| < 1. Let

l9(Xo)-a5 | _ 1 = o
b, be defined as (1—@(0)\70)'043‘)’ thus 1 + b, = [(=reOrAE Let nZ::Oanq be the

o0 oo
. . . 1 o
g-power series defined by the infinite product ngli(l—lg(ko)lvq") = nl;Il(l +b,). By
o0
the quotient criterion the series Y b, converges to a finite value. Now the above
n=1

o0

given fact implies that > a,|qo|™ also converges to a finite value. By the triangle
n=0

inequality

Zlfn(/\) q"|x < Zan|qo|” < 0.
n=0

n=0

|

Recall from formulas (5) and (6) of Section 2.6 the building blocks fr and fro
defining elliptic genera.

Proposition 3.16. The g-power series (A — 1) fr(\) and (A — 1) fro(\) converge
normally on By. In particular, the building blocks fr(\) and fro(\) of the expo-
nential representations R and R® are elements in R.
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Proof. Tt follows from Lemma 3.15 and basic properties of normal convergence that
the g-power series defined by the infinite products

(14" )1 +¢"A"1)(1 —¢")?

n=1(1 = g"A)(1 — ¢"A"")(1 4 ¢")?

and

o (L-¢> TN - IATH(1 - ¢*)2

T @ P -
converge normally on By. In view of the formulas for fr and fro (cf. formulas (5)
and (6)) the proposition follows directly. O

Corollary 3.17. Let M be a 2m-dimensional Spin-manifold with Spin-preserving
St-action and let R, R® € R(Spin(2m))[[q]] be the exponential representations defin-
ing elliptic genera. There exists a positive integer N(M) such that the following
holds:

1. The equivariant elliptic genus pg1 (M) = 3. Agi(M;Ry,)q" at the cusp ico
n=0

converges normally on By to the holomo;phic function Yar,r. In particu-
lar, this function has no poles for A € St.

2. The equivariant elliptic genus % (M) = Y Agi(M; R%)q™ at the cusp 0 con-
=0

verges normally on By ) to the holomo;};hic function Yy po. In particular,
this function has no poles for X € S*.
3. For the functions Yr = k(fr) and Yro = K(f%) there holds

Yur =Pu(Yr) and Y ro = Pu(Pro).
Proof. This is an application of Proposition 3.14 using Proposition 3.16. O

3.3. The DSC-Ring of Special Jacobi Functions. In this section we introduce
a DSC-ring consisting of functions which transform like Jacobi forms. In the next
section we show that equivariant elliptic genera converge to such functions. The
modularity properties of these functions with respect to the action of SLo(Z) are
then used to finally prove the rigidity theorem.

Let H be the upper half plane. Now we will recall the action on M(H x C)
which is usually used to define Jacobi forms (cf. [EiZa85]).

Let L denote the lattice 2Z x 2Z and let T' be a subgroup of SLs(Z) of finite
index. The group I' acts on the abelian group L by automorphisms, where the
action of A € T is defined by («,3) — (a,8)A. Let T x L be the corresponding
semi-direct product, i.e. the multiplication in I' x L is given by

(4, (@, 8)) - (B, (7,0)) := (A B, (a, ) B + (7, 9)).

Let (A, X)eI'x L, A=(2%), X = (o, ), and let f be a meromorphic function
on ‘H x C. For fixed k € Z one easily verifies that the assignments

(8) FlAJk(r, 2) = (em + d) 7" - f(&EE, =)
and
(9) FlIX] (7, 2) :== f(7, 2 + 2miaT + 27i3)

define an action of I x L on the field M(H x C) of meromorphic functions on H x C.
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Definition 3.18. We say a meromorphic function f on H x C transforms like
a Jacobi form of weight k¥ and index 0 for T iff

fllAlk(7,2) = f(7,2) and fl[X](7,2) = f(7,2)
for any (A, X) eI x L.

Definition 3.19. We define the ring J € M(H x C) of special Jacobi func-
tions to be the graded ring of meromorphic functions f(7,2) on Hx C, s.t. f € J¥
iff
(i) the function f transforms like a Jacobi form of weight k& and index 0 for T,
(ii) the function f has for fixed 7 only poles for z € 27i(Q - 7 + Q),
(iii) for any A € SLy(Z) there exists a positive integer N, s.t. the function f|[A]x
restricted to H x iR is in the image of the injective map

En i M(B x S*) — M(H x iR),
9(q, \) — f(7,2) = g(eQmT/N,ez).

Note that in contrast to Jacobi forms these special Jacobi functions are mero-
morphic with poles on the rational lattice and do not need to fulfill the additional
vanishing conditions for the Fourier coefficients (cf. [EiZa85], p. 9).

Remark 3.20. Property (i) implies that f|[A]; transforms like a Jacobi form of
weight &k and index 0 for A7'T'A. Since this group has finite index in SLy(Z) there
exists an integer N such that (§41) € A7'TA. Now the matrix (} %) acts by
f(r,2) — f(r 4+ N,z). So we see that the restriction of f|[A]x to H x iR is in
the image of £y : M(B* x S1) — M(H x iR), where N depends on A and I but
not on f. This means property (iii) only asserts that the meromorphic function
Ex'(fI[A]k) on B* x S! in fact extends to B x S*.

Since in (iii) the integer N may be chosen to depend only on A and I' (but
not on f) we see for A = Id that the ring J; is a subring of M(B x S') via
(g, \) — (e2™7/N ¢#). Recall from Section 3.1 that the operators ¢, and 9; act on
M(H x C) and M(H x iR) as well as on M(B x S*). These actions are compatible
with the restriction from M(H x C) to M(H x iR) and the embeddings Ey from
M(B x S') to M(H x iR) for all N. The same is true for the operators 99 acting
on the subsets of almost regular functions.

Proposition 3.21. The ring of special Jacobi functions Jit is a DSC-ring of func-
tions of type 1, i.e. for f € J¥ holds:

1' LT’(f)EJI—]‘C7 .

2. 0i(f) € FEH, _

3. if 2+ f(r, 2) is holomorphic on H x {0}, also 89(f) € JET.

Proof. The proof will use Lemma 3.22 below. To show property (i) of Definition 3.19
first note that by Lemma 3.22 all functions ¢,-(f), 8;(f) and 8?(f) stay fixed under
the action of |[X] for any X € L. From Lemma 3.22 also follows that ¢.(f), 0;(f)
and 99(f) stay fixed under the action of |[A], |[A]k+: and |[A]x+4, respectively, for
any A € I'. Thus they transform like Jacobi forms of weight k, k + ¢ and k + 1,
respectively, and index 0.

For property (ii) note that for any fixed 7 € H the set of poles of ¢.(f), 9;(f)
and 9?(f) is contained in the Q-span of the set of poles of f. This shows property

(ii).
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Finally we show property (iii). Again by Lemma 3.22 for any A € SLy(Z)
the functions (ur(f))|[Alr, (i (f)|[Ale+: and (97 (f))|[Alx+: are equal to tr(f|[A]r),
0:(f|[A]x) and 09 (f|[A]x), respectively. Since the action of ¢,., &; and 9 restricts to
the image of £y (for &Y one has to restrict to the subspace on which Y is defined)
the functions (¢-(f))|[Alk, (0:(f))|[A]k+: and (89(f))|[A]k+i have property (iii) of
Definition 3.19. |

Lemma 3.22. Let f(7,2z) and g(7,z) be meromorphic functions on H x C, let
X €L and let A€ SLy(Z). Then:

L fI[Alk - gl[Ale = (f9)|[Alk+1,

(er (PDIAN = e (fI[AlR) and (e (H)I[X] = o (f][rX]),

@i (DI Alk+i = 0i(fI[Alx),

if z - f(7,2) is holomorphic on H x {0}, then (02 (f)|[Alk+: = 02(f|[Alx),
@i (NIX] = 0i(fI[X]),

if 2+ f(7,2) is holomorphic on H x {0} and f|[X] = f, then (9 (f))|[X] =
(11X,

Proof. The first two statements follow directly from the definition of the action.
Now let F (7, z) be any meromorphic function on H x C. Then
oF oF

OLEN[Alk+1(7,2) = - [Ales1 (7, 2) = 5(?2137 ) (e + )"

OO W

O (FllAI(r,2)) = &1 (FI[A}) (7. 2).

0
F at+b z . —k
) (et +d)7 " = oy

= 5( (CT+d’ ct+d
Thus (|[A]x+1 0 01)(F) = (01 o |[A]x)(F) for every F € M(H x C). By induction
this implies

(I[Alk+i 0 8i)(F) = (s o |[Alx)(F)

for every i € N and every F' € M(H x C). Now the third statement follows from the
last identity by taking F' = f and the fourth statement follows by taking F' = zf
and specializing at z = 0. Statement (5) follows from the chain rule and statement
(6) follows directly from the definitions. O

3.4. Proof of the Rigidity Theorem. In this section we show that the elliptic
genera g1 (M) and %, (M) converge to special Jacobi functions ¢, r and ¥y, go
of index 0 for I'y(2). We determine the orbit of ¢5; r under the action of the full
group SLa(Z) (see Proposition 3.26). Using Corollary 3.17 and the transformation
properties of special Jacobi functions we conclude that 1y g is holomorphic which
finally implies the rigidity theorem for elliptic genera (see Theorem 3.29).

First we want to show that the building blocks defining elliptic genera converge
to special Jacobi functions.

It follows from Lemma 3.15 that the g-power series f, € C(A2)[[q]] defined by

12 (1—¢"N)(1 —g¢"A7Y)

fold) = (A% = A7H) T =2

converges normally to a holomorphic function ¢(g, A) on B X C*. By Definition 3.1
and Definition 3.7 this means f, € R and ¢ = £(f5).
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Definition 3.23. The Weierstrass’ ®-function is the holomorphic function on
H x C defined by

(1, 2) == E1(d(g, N)) = d(e*™7, e7).
For the proof of the following proposition we refer to [HiBeJu92], L.5.

Proposition 3.24. The Weierstrass’ ®-function satisfies the following properties:

1. For fixed 7 € H the divisor of ® is equal to 2mi(Z -1+ Z), i.e.  as a function
in z has a zero of order one in each point of 2wi(Z - T + 7).
2. For any A= (2Y) € SLy(Z)

C22
D|[A]-1(7, 2) = eTmicrFD - O(T, 2).
3. For any (o, B) € Z X Z
(1, 2 + 2miar + 2miB) = (=1)>TF. g~ (mio®-T+az) D(T, 2).
d

Recall from Proposition 3.16 that (A —1)fr(\) and (A — 1) fro(A\) converge nor-
mally on the open set By = {(¢,\) € B x C* | |g| < |\ < |g|™'}, especially
fr, fro € R. In Definition 3.13 the meromorphic functions to which these power
series converge were denoted by ¥pr and ¥go, i.e. g = k(fr) and Yo = K(fro).
Let Wr(T, 2z) and W go(7, z) be the meromorphic function on H x C defined by

O(7, 2z + i) 22 Q27,2 — 270 - T)
O(7, 2)P(7, 70) . O (27, 2)P (27, —2mi - T)
Proposition 3.25. Let T'g(2) be the subgroup of SLa(Z) consisting of the matrices
(‘é 3) with ¢ = 0 mod 2. Then:
1. The function & (Yr(q,N)) extends to the meromorphic function ¥r(T,z) on
H x C, i.e. Yr(q,\) is equal to W(T, 2) for (g, \) = (2™, 7).
2. The function E1(Ypro(q,\)) extends to the meromorphic function U go (T, 2) on
H x C, i.e. Yro(q,N) is equal to VU ro(T,2) for (g, \) = (e2™7, 7).
3. The functions Yg(7,z) and Ugio(1,2) on H x C are special Jacobi functions
n ‘71}0(2)'
4. The orbit of U R(T, z) under the action of SL2(Z) given by f — f|[A]1 is equal
to

Up(r,z) =2

and Wgro(1,2):=¢

{UR(T,2), 2WRo(1/2,2), 2V R ((T +1)/2, 2)},
i.e. the orbit consists of the meromorphic extensions of
{¥r(g,X), 2R (a2, N), 20p0(—q*, N)}
for (g, \) = (2™ 7).
Proof. From the definition of the Weierstrass’ ®-function it follows that ®(r, z 4 1)

is defined by the g-power series i(\Z + /\_%)nﬁ1% = f¢(—A) and

®(7,7i) is defined by 2: OH_OIE}J:Z:; = f4(—1) for (g, A) = (€277, e%). More precisely

O(7, 2z + i) = E1(k(fp(—A))) and ®(7, mi) = E1(k(fp(—1))). Thus

oo 2mEtm) o (SN
Wa(r,2) = 2<I>(7',Z)‘I>(T, 1) &1 < (fqb()\) : f¢(—1)>)
= &1(k(fr(N)) = E1(Yr(q, V),
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so Wg(r,2) is equal to ¥r(q,\) for (g,A) = (e*™7,e*). The proof of the second
part is similar.

To show Part 3 we use Proposition 3.24. From the divisor property of & it
follows directly that for fixed 7 the poles of Wr(7,z) and Wgo(7, z) are contained
in 2mi(Q - 7 + Q). From Part 1 and 2 it follows that Ug(7, z) and ¥ xo(7, 2) are in
the image of £&. So we are left to show that both functions transform like Jacobi
forms of weight 1 and index 0 for I'g(2).

First let X = (a, 3) be any element of L (note that o and § are even). From
Proposition 3.24, Part 3, it follows easily

Ur(r,2)|[[X] =Vgr(r,2) and VUgo(r,2)|[X] = Ugo(T, 2).

Next we want to show that both functions are invariant under |[A]; for any A €
Io(2). Let S:= (_9§) and T := ({1). Note that I'g(2) is generated by 7" and
ST?2S. Tt follows directly that Wg(7,2) and W ro(7, 2) are fixed under |[T];. Fur-
thermore a straightforward calculation using Proposition 3.24, Part 2, shows that
the operation |[S]; interchanges W r(7,z) and 2¥ ro(7/2, 2) and also interchanges
W ro(7,2) and $WR(T/2,2/2). From Proposition 3.24, Part 2, it follows also that
U ro(7/2,2) and Wg(7/2,2/2) are fixed under |[T?];. Thus ¥g(r, 2) and ¥ zo (7, 2)
are fixed under I'g(2) = (T, ST2S). This finishes the proof of the third part.

For the last part note that I'g(2) has index 3 in SL2(Z) and coset representatives
Id, S and ST, Ug(r,2) is fixed under the action of T'g(2) and ¥g(7,2)|[S]1 =
2\:[130(7'/2,2’). O

Proposition 3.26. Let R, R° € R(Spin(2m))|[q]] be the exponential representa-
tions defining elliptic genera. Let M be a 2m-dimensional Spin-manifold with
Spin-preserving S*-action.
1. The functions Pa,r = k(g1 (M)) and o = k(0% (M) are in Tt 2) for
(q,A) = (€™, 7).
2. The orbit of Yar,r under the action of SL2(Z) is given by

{wM,R((L A)v 2777]1!]]\/[,1%0 (q% ) )\)a 2m¢M7RO(_q% ) )\)}
Proof. Substituting (e?'7, e?) for (¢, \) means applying the map &£;. Now

E1(Wur) = E1(PBu(¥Yr)) = Pu(E1(Yr)) = Pu(Vr).

The first equation is due to Corollary 3.17, Part 3, the second is the fact that &
and Bps commute, and the last one is Proposition 3.25, Part 1. By Part 3 of the
same proposition, ¥ is in »71“10(2)' Since Jli‘o@) is a DSC-ring of functions we get by
Lemma 3.6 &1 (Yar,r) = Bm(¥r) € Jli’;(2). The argument for s go is analogous.
For the second statement note that from the above and Lemma 3.22 we get

(€1(¥nr,r)[Alm = Bas (Y r[[A]1).
So the orbit is given by Proposition 3.25, Part 4. O

The proposition gives a more precise meaning to the statement that the ellip-
tic genera ¢g1 (M) and %, (M) are two descriptions of the same invariant of the
manifold M. This invariant is a special Jacobi function. The genera are essentially
Fourier expansions of the orbit of this invariant under the SLs(Z)-action.

To finally prove the rigidity theorem we will use a corollary to the following
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Proposition 3.27. Let f(,z) be a meromorphic function on H x C, s.t. f has
only poles for z € 2mi - (Q -7+ Q) and for all A € SLy(Z) the function f|[Alx has
no poles for z € iR. Then for any fired T € H the function f and all the functions
fI[A]x are holomorphic as functions in z € C.

Proof. Tt suffices to prove the statement for f. By the definition of the action of a
matrix A= (24) € SLy(Z) on M(H x C) we have

(10) f(r,2mi(ar + B)) = (v’ + &) (fI[Ale) (7', 2mi(a’T’ + B")),

where 7/ = A7'7r and («/, B') = (o, B)A for a,3 € Qand 7 € H. If T € H
is fixed and f has a pole in 27wi(ar + ) we can choose a matrix A € SLy(Z)
s.t. (o, B)A = (0, B') for some ' € Q. Formula (10) now shows that f|[A]x
must have a pole in 27i3’ € iR for fixed 7/ = A~'7 € H. This contradicts the

assumptions. So f has no pole for fixed 7, i.e. it is holomorphic as a function in
zeC. O

Corollary 3.28. Let f(7,2) € J¥ such that for all A € SLa(Z) the function f|[Ax
has no poles for z € iR. Then f and all the functions f|[A]x are constant in z.
Moreover they are holomorphic on H x C.

Proof. By Proposition 3.27 for any fixed 7 € H the function f|[A]x is holomorphic
in z € C. The second transformation property for special Jacobi functions given in
Definition 3.18 implies that f|[A]x as a function in z is elliptic with respect to the
lattice 2mi(2Z -7+ 27Z). Since for any fixed 7 € H the function f|[A]x is holomorphic
in z it has to be constant in z. Since f|[A]x is meromorphic on H x C and is constant
in z it is holomorphic on H x C. O

Theorem 3.29 (Rigidity Theorem). Let M be a 2m-dimensional Spin-manifold
with Spin-preserving St-action. Then the equivariant elliptic genera pg1(M) and
cp%l (M) are both rigid, i.e. they are power series in q with coefficients which are
constant as characters of S*. In other words

ps1(M) = o(M) and & (M) =" (M).

Proof. In Corollary 3.17 we proved that the equivariant elliptic genera pg: (M)
and apgl (M) converge normally on some By to holomorphic functions ¢,z and
Y, ro. In particular both have no poles on S1. In Proposition 3.26 we identified
these functions as elements in JIZ:(Q). In particular they have only poles for z €
27i - (Q- 7+ Q), but still no poles for A = ¢ in S*. Furthermore the orbit of 15 g
under the action of SLy(Z) is given by the functions ¥ar,r(g, A), 2™y go (q%,/\),
and 27”1/11\/[_,30(—(]%,)\)7 all of which have no poles for A = e* € S!. But then
Corollary 3.28 shows that ¥y, r (and also 9y go) is constant in A. So from the
normal convergence of the equivariant elliptic genera g1 (M) and %, (M) to the
limit functions ¥as r and 9y po, it follows that the equivariant elliptic genera
@g1 (M) and 2, (M) themselves are constant in . |
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